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ABSTRACT 

A finite production rate (FPR) system with delayed differentiation, scrap, and multi-delivery policy using a 
two-machine production scheme was explored by a conventional calculus method [1], This paper provides an 
unconventional approach to this specific problem and demonstrates that its solution procedure can be free of 
derivatives. The production planner now has an alternative way to study such a complex FPR system. 
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1. INTRODUCTION 

In planning fabrication of multiple end products that share a common intermediate component, delayed 
differentiation is always a potential operational strategy aiming at reducing fabrication cycle time and/or relevant 
cost [1-9]. Gerchak et al. [2] developed a model, to explore multiple end products with joint demand distribution, 
common components, and simple form of cost structure. Gupta and Benjaafar [4] examined benefits of delaying 
differentiation in production systems, with variable order lead times. Effects of delayed differentiation on both 
make-to-stock and make-to-order types of systems, with different assumptions are investigated separately. Al- 
Salim and Choobineh [5], proposed two nonlinear models to explore the optimal differentiating timing, for 
product. Model one focused on profit maximization and model two was concerned with maximum options to 
postpone product differentiation. A tabu-constrained algorithm was employed to search for solutions to the 
models and parametric analysis was used to verify their results. Chiu et al. [1] employed the mathematical 
modeling along with optimization method to explore a delayed differentiation multi-product FPR model with 
scrap and discontinuous multi-shipment plan. A fabrication scheme comprising two-stage with two- machine was 
proposed in their study with the intention of shortening cycle time and reducing overall 

Fabrication relevant costs. As a result, they not only determined closed-form optimal cycle time and 
number of shipments for the problem, but also achieved expected goals and revealed quite a few merits of this 
particular FPR system as compared to prior works [9-10]. Studies relating to fabrication systems with various 
aspects of quality improvements, multi-delivery plan, and rotation cycle time issues can also be referred to [11- 
20 ]. 
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Grubbstrom and Erdem [21] presented a simplified approach, to solve the economic order quantity model with 
backordering without using derivatives. Studies applied the same or similar methods, to problems relating to various 
aspects of production lot sizing and vendor-buyer integrated inventory control can also be found in [22-23]. This paper 
uses such a straightforward methodology as well, to resolve a specific FPR problem studied in [1 ] and demonstrate that its 
solution procedure can be free of derivatives. 

2. AN ALTERNATIVE APPROACH TO THIS SPECIFIC FPR PROBLEM 

The particular multi-item FPR model explored by Chiu et al. [1] has the following features: a two-stage two- 
machine fabrication scheme with delayed differentiation, random scrap rate, and discontinuous product distribution plan. 
In stage one, machine one produces common parts for all products (Fig. 1) and in stage two, machine two fabricates 
finished products under a common production cycle time plan (Fig. 2). To ease readers’ comparison efforts, the same 
nomenclature as in [1 ] is adopted and listed as follows: 

P lj0 = production rate of common parts 

t\_ 0 = production time of common parts 

ti, o~ production downtime of common parts 

?i p production time of finished products 

h, production downtime of product i, when fixed quantity n installments of the finished batch are distributed, at 
a fixed interval of time, where i =1,2... L, 

2,—lot size of end product i in a production cycle 

7=common production cycle time, one of the decision variables, 

P i j = production rate of end product i, where i =1,2, .. ., L. 

), l = annual demand rate of product i, where i =0, 1,2, ..., L, 

Xi= percentage of scrap product i, 

d\ \ = production rate of scrap items of product i, 

a completion rate of common part, 

C; = unit production cost of product i, 

C s i = unit disposal cost of product i, 

K, = setup cost of product i, 

hij = unit holding cost of product i, 

/i 3 ,i=unit holding cost for stocks at buyer’s side, 

/i 4 ,i=unit holding cost for safety stocks at manufacturer’s side, 

n cumber of fixed quantity installments of the finished batch, 

t n l =a fixed interval of time between each shipment of product i, 
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Ky ;= fixed shipping cost per delivery of product i, 

CT,i- unit shipping cost of product i, 

Hi=inventory level of common parts during fabrication time of product i, 

HI, i=maximal level of finished product i in the end of production, 

I (t) i=on-hand inventory level of perfect quality product i at time t, where i = 0, 1,2, .. .L, 

Id (t) i =on-hand inventory level of defective product i at time t, 

Ic(t)i =on-hand inventory level of finished product i at time t, at customer’s side, 

E [TCU2 (T, n)] = the expected system cost per unit time for stage two, 

E [TCU (T, n)] = the expected system per unit time for the particular FPR system. 

As a result of mathematical modeling, derivation of system formulas, and cost analysis, the expected system cost 
per unit time, E [TCU 2 (T, nj\ can be found [ 1] as follows: 



Figure 1: Inventory Status of Common Parts in the Stage one of the Proposed FPR System [1] 

/(/), 



Figure 2: Inventory Status of Finished Products in Stage Two of the Proposed FPR System [1] 


E[TCU 2 (T, »)] = £ 
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Where 


j-i 1 , j-i E[x t ] 

01 (l-£[x,]) an 11 (!-£[*,.]) 


Step 1: Deciding Optimal Number of Shipments for each Product I 


It is noted that decision variables in E [TCU 2 (T, n)] are of forms of T l , T, Tri 1 , and nT l . Let c> b , d c , d' d , and <5 e 
represents the following coefficients: 




„ hX El \l-EU] EL.E. I 

l 2 P u 4 °’ P u 

s d =Y\ 1 L JJ 

* ,tfNp,- lJ 'jJM e 4 | 44 

2 I P u ^ “ Pu Pu 


, , KX \ 4 r 7? . 4411 , M 2 r 1 -E[x] 4 . 4411 

w/ 

With these notations, Equation. (1) can be rearranged as follows: 

E[TCU 2 ( T, «)] = S a + S h r' + Snr' + S d T+S e Trf l (6) 

With additional rearrangements, Eq. (6) turns into the following: 

E[TCU 2 (T, n)] = S a+ (^ b -4Sj) 2 r l + (^ c -^Jn l )\r l + 2^+2jdj e (7) 
It can be seen that if the second and third terms of Equation. (7) equal to zeros, then E[TCU 2 (T, n)] can be 


minimized. That is 


T= 4 ^ n = T p = Ms. 

P< Pc Pa 


Substitute <5 b , S c , S A , and S t . in Equation. (8), n becomes 
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n = 
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(9) 


In real applications, n can only be integer, so let n + denote the smallest integer greater than or equal to n (i.e., from 
result of Eq. (9)), also let rf be the largest integer less than or equal to n. Therefore, the optimal n* is either if or if. 

Step 2: Determining the Optimal Cycle Time 

Since n is obtained, now we treat E[TCU 2 (T, n)] as a function with single decision variable and rearrange 
Equation. (6) as follows: 

E[TCU 2 {T, n]\ = 5 a +{8 b +5 c n)T l +(8 d +8 e n l )T ( 10 ) 


Or 


E[TCU 2 (T,n)\ = 8 a +T~ l (jJ h + 8,i-T^S d + 8 e n ')‘ + 2^S a + 8 b n^8 d , 


( 11 ) 


It can be seen that if the second square term of Equation. (11) equals zero, then EfTCUfiT, ri)\ can be minimized,. 


That is 


r * = i S b + S L n 


8., + 8n 1 


( 12 ) 


Substitute <S b , S c , <5 d , and <5 e in Equation. (12), T* is found as follows: 
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(13) 


Equations (9) and (13) are the same as that was found in [1], It follows that to obtain the expected system cost per 
unit time E[ 70/(7', n)\ for the proposed FPR system, same solution process in [1] can be employed (please refer to Esq. 
(26) and (27) in [1]). 

3. CONCLUSIONS 

An unconventional approach is presented in this study to resolve a particular FPR problem considering, random 
scrap, multi-delivery plan, and delayed differentiation using a two-machine fabrication scheme. Unlike prior study [1] 
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employed conventional differential calculus method, the proposed simplified solution process is free of derivatives and it 
offers production planners with an alternative way of investigation of such a complex FPR system. According to obtained 
results, sensitivity analysis, performance, and benefits of this particular FPR system can also be gained as that in [1], 
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